Section 6.2 Larger Systems of Linear Equations

EXAMPLE: Solve the system of linear equations.

x—2y+3z=9 Equation |
y+d4z=17 Equation 2
z=2 Equation 3

Solution: From Equation 3, you know the valuez. To solve fory, substitute z = 2 into Equation 2 to
obtain

y+4(2)=7 Substitute 2 for z.
y=—1. Solve for y.
Finally, substitute y = 1 andz = 2 into Equation 1 to obtain
x—2(—-1)+3(2) =9 Substitute — 1 for y and 2 for z.
x=1. Solve for x.

The solutionisx=1; y= 1landz=2.

EXAMPLE: Solve the system of linear equations.
8
> X+ty+z= 1
Y +z=1
2z2=4
Solution 1(Substitution Method): We solve forz in the last equation.
2z=4 z=2

Now we substitute forz in the second equation and solve foy:

y+z=1
y+2=1
y= 1

Finally, we substitutey = 1 andz = 2 into the rst equation x+y+ z=1:
XxX+y+z=1

x+( 1)+2=1

x=0
Solution 2(Elimination Method): We have
§x+y+z=1 §x+y+z=1 gx=0 §x=0
S y+z=1 0 , y+z=1 0 L y+tz=1 S y= 1
2z=4 Cz=2 z=2 S z=2



EXAMPLE: Solve the system of linear equations.

x—2y+3z= 9 Equation 1
—x+3y+ z=-2 Equation 2
2x = 5y + 5z = 17 Equation 3

Solution: Because the leading coe cient of the rst equation is 1, you can begin by saving the at the
upper left and eliminating the otherx-terms from the rst column.

Xx=2y+3z= 9 Adding the first equation to the
] y+d4z= 17 second equation produces a
(2x — 5y + 52 = 17 new second equation.
x—2yt3z= Adding —2 times the first
) y+dz= equation to the third equation
—y— z=—1 produces a new third equation.

Now that all but the rst x have been eliminated from the rst column, go to work on the s®nd column.
(You need to eliminatey from the third equation.)

— + —
x—2y+32=9 Adding the second equation
y+d4z=17 to the third equation produces
3:=6 a new third equation.

Finally, you need a coe cient of 1 for z in the third equation.

x—2y+3z2=9 — 5 -
Multiplying the third equation
ytdz=7 by % produces a new third
z7=2 equation.

This is the same system that was solved in Example 1. As in thaka@mple, you can conclude that the
solutionisx=1; y= 1, andz=2.

EXAMPLE: Find all solutions of the system

gx+y+z=6
S X+2y z=2
X+2y+3z=14

Solution (Elimination Method): We have

gx+y+z=6 gx+y+z=6 §x+y+z=6 §x+y+z=6
>x+2y z=2 0 S Y 2z= 4 0 S Y 22= 4 0 S Y 23)= 4
X+2y+3z=14 C 4z=12 - z=3 - z=3
therefore
gx+y+z:6 §x+2+3:6 §x=1
S Y=2 0 S Y=2 0 S Y=2
- z=3 - z=3 - z=3
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EXAMPLE: Find all solutions of the system

g 2x y+3z=1
S, X 2y+z=1
X 3y z=2
Solution (Elimination Method): We have
8 8 8 8
EZx y+3z=1 EZx y+3z=1 22x y+3z=1 22x y+3z=1
S, X y+z=1 >2x dy+2z2=2 S y z=1 0 S 1%y 4z=4
X 3y z=2 X 3y z=2 2y 4z=1 2y 4z=1
therefore
8 8 S o y+3z=1 S x y+3z=1
— Z = + =
S o y+3z=1 EZX y+3z=1 E y . % yl z
1y 4z=4 1y 4z=4 12 5 =4 z= 15
_ = _ 3 2 3 2 3
10_)/ 3 -y = — — -~ y = N
10 Y= 710 10
SO 8 8
3 1 1
2X — +3 — =1 = -
% 10 10 3 %73
1 0 ,= 1
zZ= — =
10 10
g 3 E 3
T YT 10
EXAMPLE: Solve the system of linear equations.
x—3y+ z= 1 Equation 1
2x — y—2z= 2 Equation 2
x+2y—3z=—1 Equation 3
Solution:
(x =3y + z= 1 Adding —2 times the first equation
3 S5y —4z= 0 to the second equation produces a
new second equation.
x + 2y — 3z =—1
x—3y+ z= Adding —1 times the first
1 Sy—4z= 0 equation to the third equation
| Sy — 4z = —2 <— produces a new third equation.
x—3y+ 2= Adding — 1 times the second
Sy —4z= 0 equation to the third equation
{ 0= —2 <* produces a new third equation.

Because 0 = 2 is false statement, you can conclude that this system is masistent and so has no
solution. Moreover, because this system is equivalent todhoriginal system, you can conclude that the
original system also has no solution.



EXAMPLE: Solve the system of linear equations.

x+ y—3z=-1 Equation |
y— z= 0 Equation 2
—x + 2y = 1 Equation 3
Solution:
(x+ y —3z=-1
Y < Adding the first equation to the
) y—z= 0 third equation produces a new
L 3y —3z= 0 <* third equation.
(x + —3z=-1
o y — 3k Adding —3 times the second
) y—z= 0 equation to the third equation
0= 0 <— produces a new third equation.

This result means that Equation 3 depends on Equations 1 andr2the sense that it gives us no additional
information about the variables. So, the original system isquivalent to the system

x+y 3z= 1
y z=0
In the last equation, solve fory in terms of z to obtain y = z. Back-substitutingy = z in the rst equation
producesx =2z 1. Finally, letting z = a, wherea is a real number, the solutions to the given system

are all of the form
x=2a 1, y=a;, and z=a

So, every ordered triple of the form (@ 1;a;a) is a solution of the system.

e . .
The Number of Solutions of a Linear System
For a system of linear equations, exactly one of the following is true.
1. There is exactly one solution.

2. There are infinitely many solutions.

3. There is no solution.

ﬁtj

Solution: One point Solution: None Solution: None

Solution: One line Solution: One plane
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The Augmented Matrix of a Linear System

We can write a system of linear equations as a matrix, callethé augmented matrix of the system, by
writing only the coe cients and constants that appear in the equations. Here is an example.

The next Example demonstrates the elementary row operatisrdescribed above.
EXAMPLE:

(&) Add 2 times the rst row of the original matrix to the third row.

(b) Multiply the rst row of the original matrix by

N

(c) Interchange the rst and second rows of the original matx.



EXAMPLE: Solve the system of linear equations.

gx y+3z=4
S x+2y 2z=10
X y+5z=14

Solution: Our goal is to eliminate thex-term from the second equation and the- and y-terms from the
third equation. For comparison, we write both the system ofguations and its augmented matrix.

Now we use back-substitution to nd that

z=3 y 2z=1 X y+3z=4
y 23)=1 X 7+3Q3)=4

y 6=1 Xx+2=4

y=7 X=2

The solution is (2 7; 3).
EXAMPLE: Solve the system of linear equations.

g X 2y+3z=9
X+3y+z= 2
2x bSy+5z=17



EXAMPLE: Solve the system of linear equations.

Solution:

g X 2y+3z=9
X+3y+z= 2
2Xx bSy+5z=17

Now we use back-substitution to nd that

z2=2

The solution is (1, 1,;2).

y+4z =7 X 2y+3z=9
y+4(2) =7 x 2( 1)+3(2)=9
y+8=7 X+8=9
y= 1 x=1



Gaussian Elimination

In general, to solve a system of linear equations using its gmented matrix, we use elementary row
operations to arrive at a matrix in a certain form. This form & described in the following box.

In the following matrices the rst matrix is in reduced row-ehelon form, but the second one is just in
row-echelon form. The third matrix is not in row-echelon fan. The entries in red are the leading entries.



EXAMPLE: Solve the system of linear equations using Gaussiafimination.
g 4x+8y 4z=4
S Xx+8y+5z= 11
X+y+12z= 17

Solution: We rst write the augmented matrix of the system, ad then use elementary row operations to
put it in row-echelon form.

We now have an equivalent matrix in row-echelon form, and theorresponding system of equations is
g Xx+2y z= 1
y+4z= 7
z= 2

We use back-substitution to solve the system.

So the solution of the system is (3;1;, 2).



Gauss-Jordan Elimination

If we put the augmented matrix of a linear system irreducedrow-echelon form, then we don't need to
back-substitute to solve the system. To put a matrix in redued row-echelon form, we use the following
steps.

Use the elementary row operations to put the matrix in row-eaion form.

Obtain zeros above each leading entry by adding multiples dfe row containing that entry to the

rows above it. Begin with the last leading entry and work up.

The following matrices are in reduced row-echelon form.

Using the reduced row-echelon form to solve a system is calléduss-Jordan elimination . We illustrate
this process in the next example.

EXAMPLE: Solve the system of Iinear8equations, using Gauss+dan elimination.
2 4x+8y 4z=4
S Xx+8y+5z= 11
xX+y+12z= 17
Solution: In the previous Example we used Gaussian eliminah on the augmented matrix of this system

to arrive at an equivalent matrix in row-echelon form. We cainue using elementary row operations on
the last matrix in that Example to arrive at an equivalent matrix in reduced row-echelon form.

We now have an equivalent matrix in reduced row-echelon forrand the corresponding system of equations
2 x= 3
is S Y= 1 . Hence we immediately arrive at the solution (3;1; 2).
z= 2
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Inconsistent and Dependent Systems

The matrices below, all in row-echelon form, illustrate theéhree cases described in the box.

EXAMPLE: Solve the system. 8
> X y+2z=12

2xX 5y+5z=14
X 2y+3z=20

>

Solution: We transform the system into row-echelon form.

This last matrix is in row-echelon form, so we can stop the Gasian elimination process. Now if we
translate the last row back into equation form, we getX+ 0y + 0z = 1, or 0 = 1, which is false. No

matter what values we pick forx, y, and z, the last equation will never be a true statement. This means
the systemhas no solution
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EXAMPLE: Find the complete solution of the system.

g 3x b5y+36z=10

X+7z=5
x+y 1lz= 4

Solution: We transform the system into reduced row-echeldorm.

The third row corresponds to the equation 0 = 0. This equations always true, no matter what values
are used forx; y, and z. Since the equation adds no new information about the variés, we can drop it
from the system. So the last matrix corresponds to the system

Now we solve for the leading variables and y in terms of the non-leading variablez:

To obtain the complete solution, we lett represent any real number, and we express y, and z in terms
of t:

g x=7t 5
S y=3t+1
zZ=t

We can also write the solution as the ordered triple €7 5;3t + 1;t), wheret is any real number.

EXAMPLE: Find the complete solution of the system.

g Xx+2y 3z 4w=10
S X+3y 3z 4w=15
2Xx+2y 6z 8w=10
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EXAMPLE: Find the complete solution of the system.

g Xx+2y 3z 4w=10
S Xx+3y 3z 4w=15
2xX+2y 6z 8w=10

Solution: We transform the system into reduced row-echeldorm.

This is in reduced row-echelon form. Since the last row rements the equation 0 = 0, we may discard it.
So the last matrix corresponds to the system

To obtain the complete solution, we solve for the leading veables x and y in terms of the non-leading
variablesz and w, and we letz and w be any real numbers. Thus, the complete solution is

:

X

y
Ez
T ows=

3s+ 4t

11
»n O

wheres andt are any real numbers. We can also express the answer as thesoed quadruple (3+4t; 5; s; t).
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Appendix

EXAMPLE: Solve the system of linear equations.

Solution: To put this in triangular form, we begin by eliminging the x-terms from the second equation
and the third equation.

Now we eliminate they-term from the third equation.

The new third equation is true, but it gives us no new informabn, so we can drop it from the system.
Only two equations are left. We can use them to solve for and y in terms of z, but z can take on any
value, so there are in nitely many solutions.

To nd the complete solution of the system we begin by solvingpr y in terms of z, using the new second
equation.

Then we solve forx in terms of z, using the rst equation.

To describe the complete solution, we let represent any real number. The solution is

x= 3t
y=2t+2
z=1t

We can also write this as the ordered triple (3t; 2t + 2;1).
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EXAMPLE: Solve the system.
3X1+4%x,=1

X1 =7
Solution: We start by writing the augmented matrix corre#%poding to system:
3 4|1
1 {27
To get a 1 in the upper left corner, we interchang®; and R;:

To get a 0 in the lower left corner, we multiplyR; by 3 and add toR; | this changes R, but not Rj.
Some people nd it useful to write ( 3R, outside the matrix to help reduce errors in arithmetic, as stwn:

. . 1
To get a 1 in the second row, second column, we multipi, by E:

To get a 0 in the rst row, second column, we multiplyR, by 2 and add the result toR; | this changes
R; but not Ry:

We have accomplished our objective. The last matrix is the gmented matrix for the system
X1 =3
Xo = 5

The preceding process may be written more compactly as fols:
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EXAMPLE: Solve by Gauss-Jordan elimination:

g 2X1 2X2+X3:3

S X1+ Xo Xz=7

X1 3Xo+2%x3=0

Solution: Write the augmented matrix and follow the steps idicated at the right.

The solution to this system isx; =2; X, =0; x3= 1.
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EXAMPLE: Solve the system. (
2X1+6X,= 3

X1 +3X,=2

Solution:

This is the augmented matrix of the system

X1+3Xp,=2

0= 7
The second equation is not satis ed by any ordered pair of reaumbers. Therefore the original system is
inconsistent and has no solution.

EXAMPLE: Solve by Gauss-Jordan elimination:
8
> 2X1  4AX, + X3 = 4
S 4K, 8BXo+TX3=2
2X1+4Xx, 3X3=5

Solution:

The system has no solution.
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EXAMPLE: Solve by Gauss-Jordan elimination:
2 3X1+6X5 9X3 =15
S 2X1+4x%x, 6x3=10
2X1 3Xo+4x3= 6

Solution:

Note that the leftmost variable in each equation appears in @and only one equation. We solve for the
leftmost variablesx; and x, in terms of the remaining variable x3:

(

X1= Xz 3

Xo=2X3+4
If we let x3 = t, then for any real numbert,

> Xx1= t 3
Xo=2t+4
>

X+3=1t

One can check that (t 3;2t +4;t) is a solution of the original system for any real numbet.
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EXAMPLE: Find the complete solution of the system.

8 y+z 2w= 3

§x+2y z=2

§2x+4y+z w= 2
X 4y 7z w= 19

Solution:

The matrix is now in row-echelon form, and the correspondingystem is

8

§x+2y z=2
y+z 2w= 3

Ez w= 2

w=3

Using back-substitution, you can determine that the solutioisx = 1, y=2; z=1, and w=3.
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