Tests of Hypotheses: Means
We often use inferential statistics to make decisions or judgments about the value of a parameter,
such as a population mean. For example, we might need to decide whether the mean weight,
µ, of all bags of pretzels packaged by a particular company differs from the advertised weight
of 454 grams (g), or we might want to determine whether the mean age, µ, of all cars in use
has increased from the year 2000 mean of 9.0 years.
One of the most commonly used methods for making such decisions or judgments is to perform
a hypothesis test. A hypothesis is a statement that something is true. For example, the
statement “the mean weight of all bags of pretzels packaged differs from the advertised weight
of 454 g” is a hypothesis.
To develop procedures for testing statistical hypotheses, we must always know exactly what
to expect when a hypothesis is true, and it is for this reason that we often hypothesize the
opposite of what we hope to prove. Suppose, for instance, that we suspect that a dice game
is not honest. If we formulate the null hypothesis that the dice are crooked, everything would
depend on how crooked they are, but if we assume that they are perfectly balanced, we could
calculate all the necessary probabilities and take it from there.
The idea of setting up a null hypothesis is common in nonstatistical thinking. It is precisely
what we do in criminal proceedings, where an accused is presumed to be innocent until his
guilt has been established beyond a reasonable doubt. The presumption of innocence is a null
hypothesis.
Typically, a hypothesis test involves two hypotheses: the null hypothesis and the alternative
hypothesis, which we define as follows.
Null hypothesis: A hypothesis to be tested. We use the symbol H0 to represent the null
hypothesis.
Alternative hypothesis: A hypothesis that we use as an alternative to the null hypothesis,
namely, the hypothesis that we accept when the null hypothesis is rejected. We use the symbol
HA to represent the alternative hypothesis.
For instance, in the pretzel packaging example, the null hypothesis might be “the mean weight
of all bags of pretzels packaged equals the advertised weight of 454 g,” and the alternative
hypothesis might be “the mean weight of all bags of pretzels packaged differs from the advertised
weight of 454 g.”

Choosing the Hypotheses
The first step in setting up a hypothesis test is to decide on the null hypothesis and the
alternative hypothesis. The following are some guidelines for choosing these two hypotheses.
Although the guidelines refer specifically to hypothesis tests for one population mean, µ, they
apply to any hypothesis test concerning one parameter.
Null hypothesis: The null hypothesis for a hypothesis test concerning a population mean, µ,
always specifies a single value for that parameter. Hence we can express the null hypothesis as
H0 : µ = µ 0
where µ0 is some number.
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Alternative hypothesis: The alternative hypothesis must always be formulated together
with the null hypothesis, for otherwise we would not know when to reject H0 . The choice of the
alternative hypothesis depends on and should reflect the purpose of the hypothesis test. Three
choices are possible for the alternative hypothesis.
• If the primary concern is deciding whether a population mean, µ, is different from a specified
value µ0 , we express the alternative hypothesis as
HA : µ 6= µ0
• If the primary concern is deciding whether a population mean, µ, is less than a specified value
µ0 , we express the alternative hypothesis as
HA : µ < µ 0
• If the primary concern is deciding whether a population mean, µ, is greater than a specified
value µ0 , we express the alternative hypothesis as
HA : µ > µ 0
EXAMPLE: A snack-food company produces a 454-g bag of pretzels. Although the actual net
weights deviate slightly from 454 g and vary from one bag to another, the company insists
that the mean net weight of the bags be 454 g. As part of its program, the quality assurance
department periodically performs a hypothesis test to decide whether the packaging machine
is working properly, that is, to decide whether the mean net weight of all bags packaged is 454
g.
(a) Determine the null hypothesis for the hypothesis test.
(b) Determine the alternative hypothesis for the hypothesis test.
Solution: Let µ denote the mean net weight of all bags packaged.
(a) The null hypothesis is that the packaging machine is working properly, that is, that the
mean net weight, µ, of all bags packaged equals 454 g. In symbols, H0 : µ = 454 g.
(b) The alternative hypothesis is that the packaging machine is not working properly, that
is, that the mean net weight, µ, of all bags packaged is different from 454 g. In symbols,
HA : µ 6= 454 g.
EXAMPLE: The R. R. Bowker Company collects information on the retail prices of books and
publishes the data in The Bowker Annual Library and Book Trade Almanac. In 2005, the mean
retail price of history books was $78.01. Suppose that we want to perform a hypothesis test to
decide whether this year’s mean retail price of history books has increased from the 2005 mean.
(a) Determine the null hypothesis for the hypothesis test.
(b) Determine the alternative hypothesis for the hypothesis test.
Solution: Let µ denote this year’s mean retail price of history books.
(a) The null hypothesis is that this year’s mean retail price of history books equals the 2005
mean of $78.01; that is, H0 : µ = $78.01.
(b) The alternative hypothesis is that this year’s mean retail price of history books is greater
than the 2005 mean of $78.01; that is, HA : µ > $78.01.
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EXAMPLE: Calcium is the most abundant mineral in the human body and has several important functions. Most body calcium is stored in the bones and teeth, where it functions
to support their structure. Recommendations for calcium are provided in Dietary Reference
Intakes, developed by the Institute of Medicine of the National Academy of Sciences. The recommended adequate intake (RAI) of calcium for adults (ages 19-50 years) is 1000 milligrams
(mg) per day. Suppose that we want to perform a hypothesis test to decide whether the average
adult with an income below the poverty level gets less than the RAI of 1000 mg.
(a) Determine the null hypothesis for the hypothesis test.
(b) Determine the alternative hypothesis for the hypothesis test.
Solution: Let µ denote the mean calcium intake (per day) of all adults with incomes below the
poverty level.
(a) The null hypothesis is that the mean calcium intake of all adults with incomes below the
poverty level equals the RAI of 1000 mg per day; that is, H0 : µ = 1000 mg.
(b) The alternative hypothesis is that the mean calcium intake of all adults with incomes below
the poverty level is less than the RAI of 1000 mg per day; that is, HA : µ < 1000 mg.
EXAMPLE: The average drying time of a manufacturer’s paint is 20 minutes. Investigating
the effectiveness of a modification in the chemical composition of the paint, the manufacturer
wants to test the null hypothesis that µ = 20 against a suitable alternative, where µ is the
mean drying time of the modified paint,
(a) What alternative hypothesis should the manufacturer use if she does not want to make the
modification unless it actually decreases the drying time of the paint?
(b) What alternative hypothesis should the manufacturer use if she wants to make the modification unless it actually increases the drying time of the paint?
Solution:
(a) He should use the alternative hypothesis µ < 20 and make the modification only if the null
hypothesis can be rejected.
(b) He should use the alternative hypothesis µ > 20 and make the modification unless the null
hypothesis is rejected.
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Type I and Type II Errors
Any decision we make based on a hypothesis test may be incorrect because we have used partial
information obtained from a sample to draw conclusions about the entire population. There
are two types of incorrect decisions — Type I error and Type II error.
Accept H0 Reject H0
Correct
Type I
decision
error
Type II
Correct
error
decision

H0 is true
H0 is f alse

EXAMPLE: A psychologist wants to test the hypothesis that it takes an adult 0.38 second to
react to a visual stimulus. He uses the null hypothesis
H0 : µ = 0.38 second
against the alternating hypothesis
HA : µ 6= 0.38 second
To perform this test, the psychologist decides to take a random sample of n = 40 adults with
the intention of accepting the null hypothesis if the mean of the sample falls anywhere between
0.36 second and 0.40 second; otherwise he will reject it. Assume that it is known from similar
studies that σ = 0.08 second for this kind of data.
(a) Find the probability of Type I error;
(b) Find the probability of Type II error when µ = 0.41;
(c) Suppose that the psychologist has actually taken a sample and obtained x = 0.408. What
will he decide and will it be an error if µ = 0.38 second? What will he decide and will it be an
error if µ = 0.42 second?
Solution:
(a) We have

σ
0.08
σx = √ = √ ≈ 0.0126
n
40

therefore

0.40 − 0.38
0.36 − 0.38
≈ −1.59 and z =
≈ 1.59
0.0126
0.0126
It follows from Table I that the area in each tail of the sampling distribution is 0.5 − 0.4441 =
0.0559 and hence the probability of getting a value in either tail of the sampling distribution is
2(0.0559) = 0.1118.
z=

(b) We have

0.40 − 0.41
0.36 − 0.41
≈ −3.97 and z =
≈ −0.79
0.0126
0.0126
Since the area under the curve to the left of −3.97 is negligible, it follows from Table I that the
area of the region to the left of 0.4 is 0.5 − 0.2852 = 0.2148.
z=
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(c) Since x = 0.408 exceeds 0.40, the psychologist will reject the null hypothesis µ = 0.38
second. Since the null hypothesis is true and rejected, the psychologist will be making a Type
I error if µ = 0.38. Since the null hypothesis is false and rejected, the psychologist will not be
making an error if µ = 0.42.
EXAMPLE: For a given population with σ = $12, we want to test the null hypothesis µ = $75
on the basis of random sample of size n = 100. If the null hypothesis is rejected when x is
greater than or equal to $76.50 and otherwise it is accepted, find
(a) the probability of Type I error;
(b) the probability of Type II error when µ = $75.3;
(c) the probability of Type II error when µ = $77.22.
Solution: We have

σ
12
σx = √ = √
= 1.2
n
100

(a) We have

1.5
76.5 − 75
=
= 1.25
1.2
1.2
and the probability is 0.5 − 0.3944 = 0.1056.
z=

(b) We have

76.5 − 75.3
1.2
=
=1
1.2
1.2
and the probability is 0.5 + 0.3413 = 0.8413.
z=

(c) We have

−0.72
76.5 − 77.22
=
= −0.6
1.2
1.2
and the probability is 0.5 − 0.2257 = 0.2743.
z=
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